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Abstract—In the setting of continuous-time, discrete-time,
and hybrid systems, including differential inclusions and differ-
ence inclusions, relaxations are given for Lyapunov functions
to establish uniform global pre-asymptotic stability (UGAS) of
compact sets. It is shown that for a compact set, if there exist
a Lyapunov function and two lower semicontinuous functions
that are positive definite with respect to the compact set and
whose negations are upper bounds on the rate of change of the
Lyapunov function during flows and jumps, respectively, then
the compact set is UGAS. Under additional regularity conditions,
conditions sufficient to show that a compact set is UGAS are
further weakened to merely require the rate of change of the
Lyapunov function is negative definite. Simplified conditions on
hybrid time domains, compared to existing results, are given
to establish that a set is UGAS for hybrid systems when the
Lyapunov function is merely nonincreasing during either flows
or jumps.

I. INTRODUCTION

In several Lyapunov-like theorems found in the control
theory literature, assumptions are imposed on a function
h:R™ — R in the form

h(z) < —p(|z]a)

where |x|4 is the distance from z € R™ to a set A, and
p 1 [0,00) — [0,00) is continuous and positive definite.
E.g., for a system & = f(x) with a differentiable Lyapu-
nov function V, we would use h := V, where V(x) =
(VV(x), f(z)). Examples of assumptions in the form (1)
include the hybrid Lyapunov theorem [1, Thm. 3.19(3)], (ro-
bust) control Lyapunov functions [1, Defs. 10.2 and 10.14],
and input-to-state stability (ISS) Lyapunov functions [2], [3].
In some results, namely [4, Thms. 4.1 and 4.9], assumptions
are given without using the distance function in the form

h(z) < —o(x) Vx eR", )

vz € R, (1

where o : R" — [0,00) is continuous and positive definite
with respect to A, but such existing results assume .4 = {0}.

In this paper, we relax the assumptions on Lyapunov
functions for the case where A is compact. This work
builds upon the hybrid Lyapunov theorems [5, Thm. 3.18]
and [1, Thm. 3.19]. In particular, [1, Thm. 3.19] asserts that
a given set A is uniformly globally asymptotically stable with
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respect to a given hybrid system # under given assumptions.
This paper relaxes the assumptions of [1, Thm. 3.19] by
i) relaxing bounds on the rate of change of V' that are given as
a function of the distance from 4, as in (1), to only a function
of the state, as in (2), ii) allowing for bounds to be lower
semicontinuous instead of continuous, iii) relaxing the typical
K upper-bound on V, and iv) simplifying conditions on
hybrid time domains when V' is merely nondecreasing during
flows or across jumps. We prove our results in the context
of hybrid dynamical systems, with the results for discrete-
time and continuous-time systems following as special cases.
Along the way, we also prove several auxiliary results relating
to finding lower bounds for positive definite lower semi-
continuous functions that may be useful in other contexts.
The remainder of this paper is structured as follows.
Section I-A introduces notation and definitions, Section I-B
introduces hybrid systems, and Section I-C defines stability
properties. Section II contains insertion theorems that assert
the existence of functions between constraints. Section III
presents our main result, a Lyapunov theorem to show that
compact sets are UGAS for hybrid systems, which relaxes
results in [1], [S]. In Section III-A, simplified conditions are
provided for establishing bounds on the amount of flow versus
the number of jumps in a hybrid time domain. Section III-B
presents corollaies of our hybrid Lyapunov theorem for the
special cases of continuous-time and discrete-time systems.
Due to limited space, proofs are omitted or abbreviated.

A. Preliminaries

Let R>g :=[0,00) and N :={0,1,2,...}. The Euclidean
norm of 2 € R™ is written |x| and the inner product between
x and y € R™ is written (z, y). We write the unit ball in R"
as B := {z € R : || < 1}. For a set S C R", we denote
the boundary as 05, the interior as int(.S), and the closure
as S. We write the convex hull of S as conv(S). If S is
nonempty, then the distance from x € R™ to S is |z|g :=
infyesly — x|. If S C R™ is nonempty, then the contingent
cone of S at x € S is denoted Ts(z) [6].

Given f : R™ — R™, its domain is denoted dom f. If
f is differentiable at x € dom f, then the gradient of f at
x is denoted V f(x). We say f is smooth if it is infinitely
differentiable. We say f is lower semicontinuous (LSC) if

f(zo) < lirginff(x) Vo € dom f.

If f is LSC, then g := —f is upper semicontinuous (USC).

The domain of a set-valued map F' : R™ = R™ is written
dom F := {z € R" | F(x) # @}. We say F is outer semi-
continuous (OSC) [1, Def. A.32] if for each zg € dom F,
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each sequence {z;}:°, in dom F' converging to xo, and each
convergent sequence {y; }2; with each y; € F(z;), we have
that lim;_, . y; € F(x0). We say F is locally bounded if for
each z( € dom F, there exists a neighborhood U of z( such
that F(U Ndom F)) is bounded [1, Def. A.11].

A continuous function a : [0,¢) — R is class—K
if o is zero at zero and strictly increasing. A continuous
function o : R>p — R>( is said to be in class—K, if it
is zero at zero, strictly increasing, and lim,_,, a(r) = oco.
A function p: R>o — R is positive definite if p(0) =0
and p(r) > 0 for all » > 0. We write the set of all positive
definite functions on R>( as PD(0). Given nonempty sets
A CR" and X C R", a function o : R" — R is said to
be positive definite on X with respect to A if o(z) = 0 for
allz € ANX and o(x) > 0 for all z € X'\ A. The set of all
positive definite functions on X = R"™ with respect to A is
denoted PD(A). A function f is said to be negative definite
if g := is positive definite. Throughout this paper, we use the
notation “p” to denote positive definite functions on R> and
“0” to denote positive definite functions on R™ with respect
to A (i.e., p € PD(0) and o € PD(A)).

For nonsmooth functions, we use the Clarke generalized
gradient and Clarke generalized directional derivative [7].
For a locally Lipschitz function V' : R® — R, the Clarke
generalized gradient of V' at any x € R" is

Hz; — z) s.t. Vis }

i—oo differentiable at each x;

O°V(x) := conv{‘lim VV(xz;)

The Clarke generalized directional derivative of V at x € R™
in the direction w € R™ is given by

Ve(x,w) = Cegia‘u/x(z)@, w). 3)

B. Hybrid Systems
We consider hybrid systems on R™, as in [1], [5],
{ z €F(x) zeC
H

zeD @

xt e G(x)

with state z € R"”, flow set C' C R”, flow map F : C = R",
jump set D C R", and jump map G : D =% R". We write H
compactly as H = (C, F, D, G).

A solution ¢ to H is defined on a hybrid time domain
dom¢ C Ry x N, which parameterizes the solution by
ordinary time ¢ € R>o and discrete time j € N. Roughly
speaking, the set dom ¢ is a hybrid time domain if there
either exists a (finite or infinite) sequence

0<t1 <ta <+ Q)
such that for every (T, J) € dom ¢,
dom ¢ N ([0,T]x{0,1,...,J})
= ([0, 1] x{0}) U ([t1, t2]x{1}) U- - U ([ts, T]x{J}),
and for all (¢,7), (¢,7') € dom ¢,
t>t = j>7.

Each t; in (5) is called a jump time in dom ¢. If the interval
I; :=={t| (t,j) € dom¢} has a nonempty interior, then I;

is called an interval of flow. At each jump time ¢; in dom ¢,
the solution ¢ must satisfy ¢(t;,j — 1) € D and

o(t;.5) € G(o(tj,5 —1)).

For each interval of flow I;, ¢ must satisfy ¢(t,j) € C for
all ¢ € int I; and

do
dt

Let sup, dom ¢ := sup{t € R>qo | (t,j) € dom¢} and
sup; dom ¢ := sup{j € N | (¢,5) € dom¢}. We say ¢ is
complete if dom ¢ is unbounded (namely, sup, dom ¢ = oo
or sup; dom¢ = c0). A solution ¢ to H is said to be a
maximal solution if there does not exist another solution ¢’
to H such that ¢ is a truncation of ¢’ with dom ¢ a strict
subset of dom ¢’.

A hybrid system H is called well-posed if its set of
solutions is sequentially compact, meaning that the limit of
any graphically convergent sequence of solutions is also a
solution. Well-posedness is useful for establishing properties
such as robustness of asymptotic stability of compact sets.
The following conditions are sufficient for a hybrid system
to be well-posed.

Assumption 1 (Hybrid Basic Conditions [1, Def. 2.20]). A

hybrid system H = (C, F, D,G) on R" is said to satisfy the

hybrid basic conditions if

(A1) C and D are closed;

(A2) C C dom F, F' is outer semicontinuous and locally
bounded relative to C, and F(x) is convex for each

(t,4) € F(o(t 7))

for almost all ¢ € I;.

z € C; and
(A3) D C dom G, and G is outer semicontinuous and locally
bounded relative to D. o

C. Stability Properties

We consider uniform global pre-asymptotic stability of
sets, which is a stronger condition than global pre-asymptotic
stability due to requiring that for each € > 0 and r > 0, there
is a uniform bound 7' > 0 on the hybrid time it takes any
hybrid solution that starts within a distance of r from 4
to converge within a distance € from 4. The prefix “pre-”
indicates that these properties allow for maximal solutions
that terminate after finite time (e.g., due to leaving C' U D).

Definition 1 ([1, Def. 3.7]). For a hybrid system # on R",
a nonempty set A C R™ is said to be

o uniformly globally stable for ‘H if there exists a class-
Koo function « such that every solution ¢ to H satisfies
[6(t,5)|a < a([¢(0,0)]4) for each (¢, j) € dom ¢; and

o uniformly globally pre-attractive (UGpA) for H if for
each £ > 0 and r > 0, there exists 7" > 0 such that every
solution ¢ to H with |¢(0,0)| 4 < r satisfies (¢, j)|a < e
for all (¢,j) € dom(¢) such that t + 5 > T.

o If A is both uniformly globally stable and uniformly
globally pre-attractive for H, then it is said to be uniformly
globally pre-asymptotically stable (UGpAS) for H. o



A nonempty set A C R" is said to be forward pre-invariant
for H if each solution ¢ to H with ¢(0,0) € A satisfies
o(t,7) € A for all (¢,7) € dom ¢ [1, Def. 3.13].

If every maximal solution to H is complete, then the “pre-’
prefixes are omitted, in which case, if A is UGpA, UGpAS,
or forward pre-invariant, then we say A is, respectively,
uniformly globally attractive (UGA), uniformly globally
asymptotically stable (UGAS), or forward invariant.

i

II. POSITIVE DEFINITE AND K, INSERTION THEOREMS

In the field of topology, an insertion theorem asserts the
ability to insert a function between two other functions. An
example is the Katétov—Tong insertion theorem [8], which
allows for the insertion of a continuous function between any
USC function ¢ : R — R and LSC function v : R — R such
that ¢ < u. In this section, we introduce results for inserting
positive definite functions between zero and another positive
definite function. These results are used, in Section III, to
relax conditions such as (1) and (2).

A. Positive Definite Functions

Our first result shows that given any LSC function o gc €
PD(A), we can construct a Lipschitz continuous function
oc € PD(A) such that o¢ < oyc.

Proposition 1. Consider a closed set X C R", a compact
set A C X, a function o5c : X — R>g, and any ¢ > 0. Let
oc : X = Ry be defined by

oc(x) == THéfX(ﬂx* — |+ ousc(z”)) Ve X. (6)
If o.5c is in PD(A) and LSC, then o is in PD(A),
{—Lipschitz continuous, and

oc(x) < orse(z) Vo e X. @)

Proof Sketch. For each zg € X, let

T Log(x) =Lz — 20| + O15c(x) VX EX. (8)

Substituting L, into (6), it can be shown that
Oc (LU()) = Jlgf\, [':L’o (.’E) = irél}ré Eﬂﬂo (.’E),

where K := xg + osc(xo)B is compact. Since g € K, we
have that o¢(xg) < opsc(0)-

To establish that o is positive definite on X with respect
to A, we see that if ¢ € A, then oc(z¢) = orsc(x0) = 0.
Suppose, alternatively, that zp ¢ A and let z* € K
be a minimizer of L,,. If . = =0, then oc(zg) =
lxo — x| + oLsc(x*) > 0 because o sc(z*) > 0. Otherwise,
oc(xo) = Llxg — x| + oLsc(x™) > 0 because |zg — z*| > 0.

Lipschitz continuity is shown by taking any xp,z; € X
and (as before) z* € K that minimizes £,,(z). Using the
fact that oc(zg) = Ly, (2*) and oc(x9) < Ly, (z*), and
applying the inverse triangle inequality, we find

UC(.T1) - Uc(wo) < ‘Cm (x*)

Swapping x¢ and x; completes the proof. O

— Lo (™) <Lz — o).

Example 1. To see why o s¢ is assumed to be LSC in Propo-
sition 1, consider o : R>g — R>( defined for all x > 0 by

o)=z(l—2)ifzel0,1) and o(x):=1ifz>1.

Although o is positive definite with respect to A := {0}, it
cannot be lower bound by a continuous function in PD(.A)
because o is not LSC at © = 1 and liminf, ,; o(z) = 0. In
particular, for any continuous function o : R>¢ — R>¢ such
that oc(z) < o(z), it must be that o<(1) = 0 because o is
squeezed to zero by ¢ as x approaches 1 from the left. ¢

The next result allows us to weaken assumptions in the
form of (1), with p continuous, into an inequality in the form
of (2) with o LSC.

Lemma 1. Consider a continuous function oc : R™ — Rxg
and a compact set A C R". If o € PD(A), then

r s prsc(r) ;== inf{oc(z) : [z|a =7} Vr>0 (9
is LSC, positive definite, and satisfies

psc(|z]a) < oc(z) Ve R™. (10)

Proof Sketch. For each r > 0, o attains a minimum on the
compact set {x : |x|4 = r}, and the minimum is positive if
and only if > 0 since o € PD(A). Thus, pisc € PD(0).

To establish that p g is LSC, we exploit the fact that A
is compact and o is continuous. For each r > 0, we pick a
compact set K. containing an open neighborhood of .4 4 rB.
Since o is continuous, its restriction to the compact set K,
is uniformly continuous. This allows us to do a §-¢ proof of
lower semicontinuity. O

The next example shows a case where the function p ¢
in Lemma 1 is merely LSC—not continuous.

Example 2. Consider A := {—1,1} C R, and let oc(z) :=
|22 — 1| for all x € R. Then, for all » > 0,

2—r) ifr<1
r) =z - 1]: |z :’I‘:r( B
pLSC( ) {‘ | | |A } T(2+T> if r> 1,
S0 prsc jumps from p (1) =1 to prge(1.001) > 2. o

The following result asserts that for every LSC func-
tion o5c € PD(A) with A compact, we can construct a
continuous function p. € PD(0) that—when composed with
the distance from A, as in (1)—is a lower bound on o .

Proposition 2. Consider a compact set A C R™. For each LSC
function o sc : R™ — R in PD(A) and each ¢ > 0, there
exists an ¢-Lipschitz continuous and positive definite function
pc : R>g — R>q such that

Vo € R™. (11)

Proof. Suppose o.5c € PD(A) is LSC. By Proposition 1,
there exists a continuous function o € PD(.A) such that

pe(lz]a) < ouse(w)

oc(z) < ose(z) Vo e R™.



By Lemma 1, there exists an LSC and positive definite
function p;sc € PD(0) such that

prsc(|z]a) < oc(xz) Vo eR™.

Again, by Proposition 1, for any ¢ > 0 there exists an /-
Lipschitz continuous function p. € PD(0) such that

PC(T) < pLSC(r) Vr > 0.
Thus, for all z € R",
Pc(‘$|A) < pLSC(|$‘A) < Uc(z) < ULsc(z)- O

B. Ko Insertion Theorems

This section shows that for any nonempty compact set A
and continuous function V' : R™ — Ry, there exists
a € K4 such that

V(z) < a(lz|la) VaedomV. (12)

Lemma 2. Consider a closed and nonempty set X C R", a
compact and nonempty set A C X, and a continuous function
VX = Rso. If V() =0 for all x € A, then there exists
o € Ko such that V(z) < a|z|a) forallz € X.

To see why the conclusion in Lemma 2 does not gener-
ally hold if A is unbounded, consider A :=R x {0} and
(z1,22) = V(z1,22) = (|21] + 1)|22].

ITII. LYAPUNOV THEOREMS FOR COMPACT SETS

In this section, we present a Lyapunov theorem with re-
laxed assumptions for showing that a compact set is UGpAS
for a hybrid system. The following definition establishes the
class of functions permissible as Lyapunov functions.

Definition 2 ([1, Def. 3.17]). Consider a hybrid system
H = (C,F,D,G) on R" and a set A C R™. A function
VidomV C R" - R is a Lyapunov function candidate
with respect to A for H if C U D U G(D) C domV,
V is positive definite on C U D U G(D) with respect to A,
V' is continuous, and V is locally Lipschitz on an open
neighborhood of C. o

A key part of any Lyapunov-like theorem is establishing
an upper bound on the change in a Lyapunov function
candidate V. For hybrid systems, the following functions
provide upper bounds on the rate of V during flows and
across jumps.

Definition 3. Consider a hybrid system H = (C,F, D, Q)
on R"™, a nonempty set A C R", and a Lyapunov function
candidate V' with respect to A for H. We define

uc(x) == sup Ve(z, f) Ve e C (13)
JeF(z)NTe ()

up(z) := sup V(g) — V(x) Vx € D. (14)
9€G(z)

The suprema are defined as —oo if the domains are empty
(e.g., if F(x) NTe(x) = @, then uc(x) = —00). Recall that
Te(z) is the contingent cone of C' at x. o

For any solution ¢ to H and all (¢1, j1), (t2,j2) € dom ¢,
V(o(ta, j2)) = V(¢(t1, 1))

< / e (00, 40)) di+ 3 un(0(07).9)),

where j and ¢ are defined for all (, j) € dom ¢ by

j > 1(7) = mint’ | (¢, ) € dom g}
t = j(t) == min{j" | (t,5) € dom ¢}.
The main result of this paper, which follows the structure of

[1, Thm. 3.19(3)], is presented next. In particular, Theorem 1
provides sufficient conditions for a compact set to be UGpAS.

Theorem 1. Consider a hybrid system H = (C,F,D,G)
on R", a nonempty compact set A C R", and a Lyapunov
function candidate V' with respect to A for H. Suppose there
exists oy € K such that

ar(|z|a) < V(z) Vee CUDUG(D). (15)

Then, the set A is UGpAS for H if any of the following
conditions hold:

(a) Strict decrease during flows and jumps: There exist LSC
functions 0., 04 € PD(A) such that

Vo e C
Vr e D.

uc(x) < —oc(2)
up(z) < —oa(z)

(b) Strict decrease during flows, nonincreasing at jumps:
There exists an LSC function . € PD(A) such that

Vo e C
Ve e D,

(16)
7)

uc(z) < —o¢(x)
up(x) <0

(*16)
(18)

and, for each r > 0, there exist v, € Ko and N, > 0 such
that for each solution ¢ to H with |¢(0,0)|4 € (0,7],

t=y(t+j)—Np (t,)) € domg. (19)

(¢) Strict decrease at jumps, nonincreasing during flows:
There exists an LSC function o4 € PD(A) such that

uc(z) <0 Ve e C
up(x) < —og(x) Ve e D,

(20)
(*17)
and, for each r > 0, there exist v, € Ko and N, > 0 such
that for each solution ¢ to H with |¢(0,0)| 4 € (0,7],

j > (t+37)— N, V(7)€ dom ¢. (1)

(d) This item is skipped to keep the enumeration consistent
with [1, Thm. 3.19].

(e) Bounded flow time: There exist A € R and an LSC
function o4 € PD(A) such that

uc(z) < AV(z)
up(z) < —oq(z)

Ve eC
Ve D,

(22)
(*17)
and, for each r > 0, there exists T, > 0 such that for each
solution ¢ to H with |$(0,0)| 4 € (0,7],

dom ¢ C [0, 7] x N. (23)



(f) Finite number of jumps: There exist an LSC function
0. € PD(A) and a continuous function \ : R>¢ — Rx>( with
A(0) = 0 such that

Ve e C
Vx € D, Vg € G(z),

uc(x) < —oc(z)
Vig) < A(V(z))

(*16)
(24)

and, for each r > 0, there exists J, € N such that for every
solution ¢ to H,

dom¢ C R x {0,1,...,J,}. 25)

Proof Sketch. The proof proceeds by showing that the as-
sumptions in each case imply the assumptions of the cor-
responding case in [1, Thm. 3.19(3)]. The class-K., lower
bound on V in [1, Eq. 3.26] holds by assumption, and the
upper bound is established by Lemma 2.

Under the assumption that there exists an LSC function
o. € PD(A) that satisfies (16), there exists, by Proposition 2,
a continuous function p. € PD(0) that satisfies [1, Eq. 3.27].
Similarly, if we assume the existence of an LSC function
o4 € PD(A) that satisfies (17), then there exists a continuous
function pg € PD(0) that satisfies [1, Eq. 3.28]. O

The next example Theorem 1 can be applied to prove that
a set is UGpAS without needing to construct a bound on u,
in the form of (1).

Example 3 (Bouncing Ball). Consider a bouncing ball mod-
eled as in [5, Example 3.19] with height z; > 0 and vertical
velocity x2 € R. The bouncing ball is modeled as the hybrid
system H := (C,F,D,G) with state z := (z1,72) € R?
and dynamics given by

F(z) = [x?y] Vo € C:={zeR?® |z >0}
G(z) = [_g@} Vo€ D:={z eR*|zy =0,z <0},

where 7 > 0 is acceleration due to gravity and A € [0,1) is
the coefficient of restitution when the ball hits the floor. The
sets C' and D are not closed, so (Al) of the hybrid basic
conditions is violated. To show that A := {(0,0)} is UGpAS,
we take the Lyapunov function candidate

x> V(zy, ma) i= (14 Oatan(z2)) (23/2 + ya1)
where 6 := (1 —\?)/(2+ 2A?). Equation (15) holds with
s+ ai(s) = 15 min {s?/4, vs/V2}.

Since V' is continuously differentiable and F' is single
valued, we have that for all = := (x1,25) € C,

uc(z) = (VV(z), F(z)) = =0 (23/2 + va1) /(1 + 23) .
Thus, uc is continuous and negative definite with respect to A,
and o, 1= —uc satisfies (16). For each x := (0, z2) € D,

2

’LLD((E) = |:)\2 -1 G(atan()\xg))\2 + a,tan(xQ)):| %7

which is continuous. For any 2 € D \ A, we have
0 (atan(—Az2)A* — atan(z2)) < O(A*+1) <A*—1<0,

S0 up is negative definite. Thus, o4 := —up satisfies (17).
Therefore, by Theorem 1, (0,0) is UGpAS for H. o

As we saw in Examples 3 and 4, if uc and up are negative
definite and USC, then we can simply use the functions
0c = —uc and 0. = —uy, for the assumptions in Theorem 1.
This approach holds in general if we introduce additional
(weak) assumptions on F' and G, which are a subset of the
hybrid basic conditions. In particular, F' is assumed to be
locally bounded and OSC, as in (A2), but not assumed to
have convex values. The assumptions on G match (A3).

Proposition 3. Consider a hybrid system H = (C, F, D, Q)
on R™, a compact set A C R", and a Lyapunov function
candidate V' with respect to A for H. Suppose F' is OSC and
locally bounded, and u is negative definite with respect to A.
Then, 0. = —uc is LSC and satisfies (16), and there exists a
continuous function p € PD(0) such that uc(z) < —p(|x].a)
for all x € R™.

Proposition 4. Consider a hybrid system H = (C, F, D, Q)
on R", a compact set A C R"™, and a Lyapunov function
candidate V' with respect to A for H. Suppose that G is
OSC and locally bounded, and uy, is negative definite with
respect to A. Then, 04 = —uyp is LSC and satisfies (17),
and there exists a continuous function p € PD(0) such that
up(x) < —p(|x|4) forall z € R™.

A. Simplified Assumptions on Hybrid Time Domains

In Theorem 1, the conditions on the hybrid time domain
of solutions given in (19) of case (b) and (21) of case (c)
are rather non-intuitive and are often difficult to show. Thus,
in Propositions 5 and 6, we provide sufficient conditions
for (19) and (21), respectively, that are easier to check while
remaining general enough to apply to most systems that
satisfy (19) or (21).

Proposition 5. Consider a hybrid system H and a nonempty
closed set A. Suppose that for each r >0, there exist
A1 >0 and Ay > 0 such that for every solution ¢ with
|#(0,0)|.4 € (0,r] and for every (to, jo), (t1,71) € dom ¢,

[t1 —to] < Ap = [j1 —Jol < Ay (26)

Then, for each r > 0, there exist N, > 0 and v, € K, such
that for each solution ¢ to H with |¢(0,0)| 4 € (0,7],

t>~(t+7)— N, V(tj) € domo. (*19)

Informally, the assumptions of Proposition 5 state that for
every solution that starts within a given distance of A, there
exists a bound A; on the number of jumps that can occur
during any time interval a given length Ap.

Proof Sketch. Tt can be shown that for each » > 0 and each
solution ¢ to H with |¢(0,0)|4 € (0,7],

A
F< A+ =Lt V(t,j) € dom¢.

A @7)



Then, by some algebra, we find

Arp ) ArAjy
t> (—E—)(t+j) - ——L
—<AT+AJ>( ) A TA,

Therefore, the conclusion holds with

Ar
S ’YT(S) = m

Y(t,j) € dom ¢.

ArA;
N, = ———.
)s and ” ArtA, O

The analogous result with flows and jumps switched is
presented next.

Proposition 6. Consider a hybrid system ‘H and a nonempty
closed set A. Suppose that for each r > 0, there exists
A7 > 0 and A > 0 such that for every solution ¢ to H with
|$(0,0)| .4 € (0,7] and for all (tg, jo), (t1,71) € dom ¢,

lj1 —Jol S Ay = |t1 —to] < Ar. (28)

Then, for each r > 0, there exist v, € Ko, and N, > 0 such
that for each solution ¢ to H with |¢(0,0)| 4 € (0,7],

Jzw(t+j)— Ny V(tj) € domg. (21

B. Continuous-Time and Discrete-Time Systems

The following corollaries are special cases of Theorem 1
for continuous- and discrete-time systems.

Corollary 1 (Continuous-time Lyapunov Theorem). Consider
compact set A C R"™, a continuous-time system on C' C R"

i€ F(z) zeC, (29)

and a Lyapunov function candidate V' with respect to A
for (29). Suppose there exists a1 € Ko and an LSC function
0. € PD(A) such that

a1(Jz]a) < V(z) and wuc(x) < —oq(zx) VreC.

Then, A is UGpAS for (29).

Corollary 2 (Discrete-time Lyapunov Theorem). Consider
compact set A C R", a discrete-time system on D C R"

" €G(z) zeD, (30)

and Lyapunov function candidate V with respect to A
for (30). Suppose there exists a; € Ko, and an LSC function
o4 € PD(A) such that
ay(|zla) < V(x)
un(z) < —oq(2)

Vz € DUG(D)
Ve € D.
Then, A is UGpAS for (30).

The next example illustrates how Theorem 1 can be used
to show that a compact set is UGpAS for & = F(x) with F
discontinuous.

Example 4. Consider the continuous-time system
z=F(x):=—|z] ze€C:=R,

where |x] is the largest integer m such that m < x and [z]
is the smallest integer n such that n > x. The |-] function

is USC and [-] is LSC. Let A := [0,1] and consider z
V(z) := |z|%. We find that

we(®) = {<—|m|A>LxJ

ifx>0
if x <0,

(Jz].a) 2]
which is neither LSC nor USC. Let

N (CYCE )
@) {uxu)m

We see —o. is USC, so o, is LSC. For z <0, uc(z) =
—o¢(x),and forx > 0, —[z| > 1—[z], so uc(z) < —o.(z
thus (16) holds. It can be easily checked that 0. € PD(A
Therefore, A is UGpAS for & = F(z), by Corollary 1. ¢

ifz>0
if z <O0.

),
).

IV. CONCLUSION

In this paper, we presented a relaxation of the hybrid
Lyapunov theorem, along with corollaries for continuous-
time and discrete-time systems. One avenue for future work
is to find an alternative function definition to u¢ in (13). In
particular, we have found systems with where w is positive
at points where V' cannot increase, indicating uc is an over-
conservative upper bound.
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